STABILITY OF IDEAL INCOMPRESSIBLE FLOW WITH
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A large number of papers are devoted to the study of the stability of rotating flows.
Significant progress has been made in understanding the particular idealized case, viz.,
the stability of ideal fluid flows with circular streamlines (see, e.g., [1-7]). A study
of this problem made it possible to establish the existence of two fundamental mechanisms
of instability in rotating flows, viz, "centrifugal' and "shear." An understanding of
these instability mechanisms became the basis for modeling a whole series of transition and
turbulence phenomena [2, 4, 7-12]). At the same time actual flows are frequently only
approximately circular. Hence the question arises as to the influence of small deviations
from circular geometry on the flow stability. This problem was studied in [13-16]. 1In [13-
14} experimental and theoretical investigations were carried out on the stability of rotating
fluid inside an elliptic cylinder with a small eccentricity. Instability leading to inflec-
tions of the axis of rotation was experimentally observed. In order to theoretically study
this instability, a model based on Galerkin method using two well-chosen base functions was
suggested. The existence of instability in such a formulation appears, at the first glance,
surprising since it is known that rigid body rotation has a large stability margin [4]. The
problem of the stability of linear vortex in a potential flow which is qualitatively close
to [13-14] was investigated in [15-16]. The vortex core was assumed to be subject to small
deformation so that the shape of its cross-section is close to an ellipse with a small eccen-
tricity. Computations using small disturbance theory also showed the existence of instabil-
ity associated with the inflexion of the axis of rotation. As in [13-14] and also im [15-
16], theoretical investigation is limited to the study of flow stability with respect to dis-
turbances of a particular type within the framework of linear theory., The stability of flow
[13-14] inside an elliptic cylinder is the simplest among a large class of problems associat—
ed with stability of deformed fluid rotation and deserves detailed study. In the present
paper results are given for the stability of this flow with respect to the general form of
disturbances. Small disturbance theory is used in terms of the small parameter £, According
to computations, the flow is always unstable, even to the first-order approximation in €,
with respect to three-dimensional disturbances with wavelength 2n/k along the axis of rota-
tion. The corresponding wave numbers k continuously fill even number of segments of width
of the order €. At the center of each segment (points ko) the growth rate of disturbances
is a maximum. The values of ko correspond to conditions for first order singularity of the
problen. As regards the physical aspect of instability, we note that its mechanism is simi~
lar to the known "resonant interactions'' [17] in the complex case when the plane waves are
not the solutions to the linear problem. The result obtained can be interpreted as a varia-
tion of Hasselman's [18] statement on the instability of finite amplitude wave in the pres-
ence of corresponding "resonance triad." Here, resonance conditions take the form of
already mentioned singularity conditions. The deformation of the rotational flow by the
elliptic walls plays the role of the "first'' wave splitting into two "resonant'' waves,
The Galerkin method is not used in this paper but the complete linearized equations of motion
are solved. Hence the results presented here generalize [13-14] for the type of disturbances

considered in these studies. There is a qualitative agreement here with the conclusions of
[13-14].

1. Let us formulate the problem. Consider an elliptic cylinder whose surface is
defined by the following equation in cylindrical coordinate system (r, 9, z)

r==F0) == (1 — & cos 2g)-Y=, (1.1
If a and bz(a >b) are the semi-axes of the ellipse lying in the normal plane of the cylinder,
then € =(a® — b*)/(a® +b®). The interior of the cylinder is filled by an ideal, incompres-

sible fluid whose velocity field (U, V, 0) is
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U~ —ersin 20, V = r(1 — & cos 20). (1.2)

In the corresponding vorticity field the only nonzero quantity is the z—-component and it is
a constant. All parameters are reduced to nondimensional form using the reference length

R =abv2/(a® +b?) and reference velocity QiR. The quantity 22 is defined as the vorticity

of the basic flow. The velocity field (1.2) is an exact solution of the equations of motion
and satisfies the condition of impermeability on (1.1).

Consider infinitely small three-dimensional disturbances to the flow (1.2). Linearized
equations of motion for the velocity field (1.2) are:

oU , 1 et * 1 dp
Lu+Grut s Gpv— Vo~ —2L,
4 ey T { dp
LU*- ar u *','--T‘a—g-l)—r-’_-(UUj- u)“—T_JJ’ (1°3)
L dp e, ou , 1 ov dw
lbwv=—gwtytrwtam="

u, v, v, and p denote disturbance fields of radial, peripheral, axial velocity components,
and the pressure disturbance; L =3/3t +U3/3r +(1/r)V3/306. Boundary conditions for (1.3) con-
sist in equating to zero the normal velocity component on (1.1)
dF

Fu— EG'U"'O for r = F(0) _ » 1.4)
and boundedness of solutions at r =0, In view of the invariance of equations and boundary
conditions relative to displacements in z and t, the solution to the problem is sought in
the form

0, u, v, ) = (Pgy Ugy Uy, Wy)oiEz—0l), (1.5)

Amplitudes pgy, uyg, Vg, and wg are functions only of coordinates r and 8. Substituting (1.5)
in (1.3) and (1.4) we get the eigenvalue problem in w and corresponding eigenfunctions.
If there exists at least one disturbance with Im w >0, then the flow is unstable.

2. The problem of determining the eigenvalues  in the present formulation is very
difficult and will be solved iteratively with respect to the small parameter €. Computations
will be made for the zeroth and first-order approximations.

Assuming the solution to be analytical functions of e, we write them and F(0) for small

e in a series (v =0, 1, 2,...):
ot

(Pa» Ugs Vay Was @, F) = v2=) & (l’w Uy, Uy, Wy, Oy, fv)

(2.1)

Besides, put k =ko +ek,. The last expression is used because discrete sum of fixed values

of ko will correspond to cases of instability. The quantity k, makes it possible to evalu-
ate k in the neighborhood of ko. Substituting (2.1) in (1.3) and (1.4) and equating terms

of the same order of &, we get

ap, . 1
Louv — 2Uv "}" ""-Y' = le, Lovv ""‘ 2uv r 09 == sz,

ar
u dv,,

o . (2.2)
Lywy +- ikypy = Gy, Trv_ + '7‘:’ -+ T 50 + ikyoy = Gy,

where LoZ —iwo +93/986., When v =0 for all 7 (I =1, 2, 3, 4) the right~hand side G7o, =0. In
equations for the first-order approximation (v =1), functions Gz, contain linear functions
of the zeroth-order approximation and the quantity w,. For example,

ou au,
G, =iou, + (7 -2} uo) sin 20 + cos 20.

Boundary conditions (1.4) for the zeroth- and first—order approximations (v =0; 1) give

uo (1, 6) = 0,y (1, 0) = vy (1, 8) — /,(0) 52 4, ©) (2.3)

These conditions are "removed'' in the usual way from the actual boundary (1.1) to the neigh-
boring circle r =1. The second boundary condition relates to the boundedness of solutions

for any approximation at r =0.
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3. Consider the problem (2.2) and (2.3) for the zeroth order. Its solutions are the
widely known inertial waves in rigid body rotation of fluid {4, 19] for the particular case
of the circular cylinder. For harmonics proportional to exp{(imf), (2.2) and (2.3) give

Pe == aJm(rlmr)eime' (3.1)
Here o is an arbitrary complex constant; J, is a Bessel function of order m; nm =kiAn/og:
Om EM ~— Wo) Ap =4 — om. The quantities wo and ko are related by the dispersion equation
Gm‘]mdrjm(nm)”ld‘]m + 2""'vfm(nm) = 0. (3.2)

It is known [4, 19] that the spectrum of we is purely real and m — 2 <wo <m + 2.

4, Tor the first-order problem (2.2) and (2.3) the form of solutions and the quantity
w; can be obtained by simple but tedious computations. They reduce to the determination of
correction to the inertial waves (3.1) caused by differences in geometry from the circular.
The most complex element in these computations is the solution of nonhomogeneous equations
(2.2). A similar technique was used for another problem, e.g., in [15]. We observe that
analytical calculations are significantly simplified by using equations for pressure distur-
bances obtained from (1.3) in [13]. Without pausing on computations we present the results.

The basic result is formulated in the form of certain conclusions. For the zeroth-order
approximation in harmonics (3.1) with arbitrary m, @, is always real, This corresponds to
stability to the first order. Imstability occurs only in the case of singularity when the
zeroth-order disturbance characterized by frequency wo and wavenumber ko is given by the
superposition of two modes with different m (m, and m.) such that m; — m, =2, However,
such disturbances could be either stable or umstable. 1In the latter case, the range of wave-
numbers for instability is |k,| <kpay. Here, the amplification rate is a maximum at k =ko
and monotonically decreases away from the limits of the interval, becoming zero when k=ko %
ekmax. The most dangerous disturbances are those whose mcdes m; and mp; have identical number
of zeros of radial velocity component ingide the flow (when O <r <1). All such disturbances
are unstable and their amplification rates are almost identical.

Let us clarify these conclusions. The "dangerous’' disturbances in the zeroth-order
approximation are:

pO(r’ e) = ot 1(71")3“"“’6 T (;Jn—l(".]_r)ei(nui)ﬂ. (4,1)
Here « and « are arbitrary complex constants; n Efipt1s N ZNp-:3 0 is an arbitrary integer.

A bar over symbols denotes independent variables and not complex conjugates. It is conve-

nient because of the symmetry of equations., The dispersion relation for harmonics in (4.1)
are written in the form

Uan(“) - (n 'lf‘ 1)6Jn+1(n) = 01 E—n-']n(_{]) - (n — 1)0Jn—-1(ﬁ) == 0! (4.2)

where o Zop+1) O Z0p-1. 1n view of the singularity, the intersection points of the curves
(4.2) are considered in the ko-, wo-plane. The intersecting family of curves (4.2) are
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concentrated in the band n — 1 <wo <n +1. The shape of the families is shown in the figure
for the case n =0. Solid lines indicate (n +1) harmonic, dashed lines denote (n — 1) har-

monic., Only the first three from the computed set of curves for each harmonic are shown in
the figure. The numbers on the curves indicate the number of zeros of the function ue(r) on
0 <r=1. Each intersection point is denoted by a pair of integers (q, s) corresponding to
the numbers of the intersecting curves. Points with q =s arecalled the principal intersec-
tion points, withq# s being the secondary intersection points. When n =0 (see Fig. 1), the
curves are symmetrical about the axis wo and the principal intersection points are located
on this axis. When n #0, the picture of the branches of dispersion curves located within
the band —1 <wo — n <1 are qualitatively similar to that shown in the figure if the ordi-
nate wo is replaced by wo — n. However, there is no symmetry of the curves about the axis
wo =n and the principal intersection points do not lie on this axis but they are close to it.
The summary coordinates of the intersection points are given in Table 1 for n= 0,1, 2, and
3 vhere the upper number in each box is ko and the lower number is (wo — n).

Computations of w; at singularities (wo, ko) give

o = — ok ¢ + ) & fohax + [3 Fobu (e =[], | (4.3)

where ¢ =g/f, ¢ =g/E; whmax Shh/fE; £, f, g, g, h, h are various real functions of wo, ko,
and n:

4
fo={— sl (4 171+ 5 (n D} s,

[ A 4 _nl7F
—..={ _3_, 1B+ (n—1)%) (n 1)} Sty
h==S ISy [— NN, + 0 (n—1) Nyl + 7 Tnedl,
h=— S ISul—onN, +0 (n+ 1)N,.+1]—- T Tnal,

He—n*4 —[W—u(ﬂ+1)HMIA——"(G 1 a)] — '(utmu)[« e 2(;z~—1)%3;],

- -y 1 - n(n—1) - Tum " b—'.- 5 g0
Hez=— g = — 774'—'1 —-———:——-—A'.?G’U —-—_———:,—'-:,—,*[0" -2 '—1'-7.,‘]1
1l += p( )] = [A+ (0 +0)] s =5 + (r?—1) =
r r _
Sp= S Sni1(t) S (i) dt, S, = !S‘ =1 (Mt) 0 (nf) £dt,
[] L]
A F1\2 - Al fr=1V
gE-F[i‘X"(n;; )JJ~/¢+1, gE~—--6——[1 ( )] -1 4.4
The notations used are: o = cn+1; O =Z0p—1, A EAp—1) A EAptas N ENpda; N ENp-1 WE0+2; u =
G - 23 1 =4k3 (wo — m) /0%c%., Bessel functions J, and Neumann function Np are given by Jp =

Jn(m), Jm Jm('f\) Nm =Nm(n), Nm Nm(n)
It is seen from (4.3) that instability (Im w: >0) can occur if

2 1 = 12
oo < — [ Kol ¢~ [}
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The largest amplification rate w; =wgy,, is achieved at k, =0, where a whole range of wave
numbers are unstable:

2
“Dpiax

lkl l</’5ma&;E lru(c———?)

When |k1i =kpax there is no amplification, Im w, =0.

An important particular case requiring special consideration is when n =0. Geometri-
cally this case corresponds to the inflexion of the axis of rotation. Such an instability
can easily be recorded by experiment and it was observed only in [13, 14]. For n =0,

Eqs. (4.4) are considerably simplified and make it possible to compute w, at secondary inter—
section points. At principal intersection points wo #0 and Egs. (4.4) are not applicable
since the condition wo =0 was used in one of the intermediate steps. A separate considera-
tion of the case n =0, we =0 gives

3

] 072 o a2 2 (1.8 272112
imﬁj‘y[(oko 4 AP — 168 (k3 + 1) /R 2

@y =

The root with Im w; >0 exists when
K (3h3+1)
kY < kay = —mted,
1 << Kmax 16(k3+1)2 (4.5)
When k, =0, this root corresponds to the maximum

© T 31"% +1 L6
max — 5~ . .
8 %1 (4.6)

The first two columns in Table 2 give values of ~—iwg,y and kpax for n =0 at all intersection
points present in the figure, It is seen that all intersection points indicate instability
but for the secondary intersection points, the quantities —iwp,y, kpax are one to two orders
of magnitude less than that of the principal intersection points. A similar situation also
exists for n =1, 2, and 3. Corresponding values of iwpax are given in the remaining columns
of Table 2. The consideration of negative n does not give anything new since results for
n=ne and n =—n, coincide to the same accuracy as the replacement of w, by —wo. Conclusions
for |nj| >3, are, apparently, similar.

Thus, there is a general conclusion on the dominating role of instabilities correspond-
ing to principal intersection points of dispersion curves., When n =0 these instabilities
lead to inflection in the axis of rotation and are irrotational (we =0). Only this type of
instability was observed so far in experiments [13, 14]. Instabilities with n#0 lead to
streamline distortion without a change in the axis of rotation and are rotational (womzn).
Their experimental record will be of interest. We emphasize here that the amplification
rate for disturbances with n =0 and n #0 are practically identical.

Comparing the analytical results gbtained with the earlier known results, we observe that the
particular case n =0 was studied in [13, 14] using the Galerkin method. Only the instability
corresponding to, in our terminology, principal intersection points, was considered. Exact
agreement of these results with [13, 14] is observed only for the coordinates of these points
whereas, amplification rate (4.6) and the width of unstable zones (4.5) are somewhat differ—
ent. Since the Galerkin method which involves additional assumptions was not used here,
results of the present paper, in particular, establish the conclusions of [13, 14].

The author acknowledges computations carried out by L. Ya. Rybak.

559



11.
12.

13.

14,
15,
16.

17.
18.

19.

560

LITERATURE CITED

C. C. Lin, Theory of Hydrodynamic Stability, Cambridge University Press (1955).

S. Chandrasekhar, Hydrodynamic and Hydromagnetic Stability, Oxford, Clarendon Press
(1961).

L. N. Howard and A. S. Gupta, "On the hydrodynamic and hydromagnetic stability of
swirling flows,'' J. Fluid Mech., 14, No. 3 (1962).

Kh. Greenspan, Theory of Rotating Fluids [in Russian], Gidrometeoizdat, Leningrad (1975).
V. A. Vladimirov, "Stability of tornado type flow,'' in! Dynamics of Continuous Media
[in Russian], Vol. 37, Inst, Gidrodin., Sib. Otd., Akad. Nauk SSSR, Novosibirsk (1978).
V. A. Vladimirov, "Stability of ideal fluid flow with circular streamlines,'' in: Dyna-
mics of Continuous Media [in Russian], Vol. 42, Inst. Gidrodin., $ib. Otd., Akad. Nauk,
SSSR, Novosibirsk (1979).

V. A, Vladimirov and V. F. Tarasov, "Compressibility of rotating flows,'' Dokl. Akad.
Nauk, SSSR, 253, No. 3 (1980).

L. Prandtl, “"Einfluss stabilisierender Krafte auf die Turbulenz,'' in: Ludwig Prandtl
Gesammelte Abhandlungen, Teil 2, Springer~Verlag, Berlin (1961).

P. Bradshaw, "The analogy between streamline curvature and buoyancy in turbulent shear
flow,"" J. Fluid Mech. 36, No. 1 (1969).

V. A. Vladimirov, B. A. Lugovtsov, and V. F. Tarasov, "Suppression of turbulence in
flows with concentrated vortices,'' Zh. Prikl. Mekh. Tekh. Fiz., No. 5 (1980).

Y. B. Zeldovich, "On the fraction of fluids between rotating cylinders,'' Proc. Roy.
Soc., 374, p. 299, London (1981, A).

V. V. Novozhilov, "Computation of turbulent flow between two rotating cylinders,'' Dokl.
Akad. Nauk SSSR, 258, No. 6 (1981).

E. B. Gledzer, F. V. Dolzhanskii, et al., "Experimental and theoretical investigation
of the stability of flow inside an elliptic cylinder,'' Izv. Akad. Nauk SSSR, FAO, 11,
No. 10 (1975).

E. B. Gledzer, A. M. Obukhov, and V. M. Ponomarev, "On the stability of flow in ellip-
tic containers,'' Izv. Akad. Nauk SSSR, Mekh. Zhidk. Gaza, No. 1 (1977).

Tsai Chon-Yin and S. E. Widnall, "The stability of short waves on a straight vortex
filament in a weak externally imposed strain field,'' J. Fluid Mech., 73, No. 4 (1976).
S. E. Widnall and Tsai Chon-Yin, "The instability of the thin vortex ring with constant
vorticity,' Phil. Trans. Roy. Soc. London, 287, No. 1344 (1977).

0. M. Phillips, Dynamics of the Upper Ocean, Cambridge University Press (1966).

K. Hasselman, "A criterion for nonlinear wave stability,'' J. Fluid Mech., 30, No. 4
(1967).

S. L. Sobolev, "On a new problem in mathematical physics,’' Izv. Akad. Nauk SSSR, Ser.
Mat. 18, No. 1 (1954). '



